Particle dispersion in a two-dimensional peristaltic flow with zero pressure rise is investigated. It is found that, depending on the degree of occlusion of the peristalsis, particle motion can be forward or retrograde. Dispersion of a group of particles is quantified using the mean particle position and the variance around this. The degree of occlusion of the wave can be used to promote dispersion of particles and aggregation in the form of a traveling bolus. The efficacy of particle trapping increases with the amplitude ratio. Entrapment and motion of particles within the bolus are studied. The trapped particles arrange themselves in a self-similar manner as shown in Poincaré sections which are characterized using the fractal dimension.
Introduction
Peristalsis is a mechanism of fluid transport in which a progressive wave of area contraction or expansion propagating along the length of the wall of a distensible tube or channel containing fluid induces flow in the direction of the wave. The phenomenon of peristaltic transport has enjoyed increasing attention from investigators in several engineering and biological disciplines. Applications include dialysis machines, openheart bypass pump machines and infusion pumps. The evolution of the spatial distribution of particles as a group is very important if these are being transported by peristalsis. Unlike in positive displacement machines, not all of them move at the same rate. It is possible, furthermore, that some of them get trapped and not be transported. Peristaltic pumps normally work with total occlusion of the tube with the consequent danger of damage to the particles. For these situations, partial occlusion is an option, though it is important to understand how the particles disperse and what the efficacy of transport is. The present study is on peristalsis in a channel with particles, with emphasis on their mixing and dispersion, and the effect of occlusion on particle transport.
with the wave velocity c in the X * -direction is chosen, the flow can be treated as steady. Nondimensional coordinates defined as X ≡ πX * /λ, x ≡ πx * /λ, Y ≡ Y * /R w and y ≡ y * /R w make this h(x) = 1 − φ 1 − cos 2 x .
There are two geometrical parameters for the problem of peristaltic transport. The amplitude ratio φ = a w /R w , that is the relation between the wave amplitude and the channel width, determines the relative degree of geometric occlusion; φ = 0 corresponds to a constant-area channel while φ = 1 is a channel that is completely closed. The ratio = πR w /λ of the channel width to the wavelength is the nondimensional wavenumber and is related to the slope of the wall. In addition, there are two flow parameters needed to complete the problem. One is the peristaltic Reynolds number, Re c = R w c/ν, based on the velocity of the peristaltic wave c and the fluid kinematic viscosity ν . The other is either the pressure rise ∆P , i.e. the difference between the exit and the entrance pressures per wavelength, or the flow rate for peristalsis which is the time-mean flow over a period at a fixed position Q. There is a special case that is the flow rate for zero pressure rise Q 0 = (Q) ∆P =0 (sometimes called free pumping, in which transport is only due to the motion of the wall and not to the pressure gradient and is generally of physiological interest), as in Sections 3.2 and 3.3.
When studying particle motion additional parameters have to be considered. The particle Stokes number
where ρ p is the mass density of the particle material, d p is its diameter, and µ is the dynamic viscosity of the fluid. In particle suspensions 0 < St < 1, trajectory models can be used with a one-way coupling in a dilute suspension in which the fluid is treated as Eulerian and the particle motion as Lagrangian, which is the assumption of this analysis. Another parameters are the density ratio between the density of the particle and fluid S = ρ p /ρ, and the size ratio between the particle diameter and wave height
The flow field is obtained by solving the Navier-Stokes equation, written in terms of a stream function, with a small expansion. The stream function and pressure gradient is calculated up to second order using a regular perturbation method. The BBO equation for the motion of a particle can be written in terms of the sum of forces on it. These are the steady-state drag force, the pressure or buoyancy force, the virtual mass force, the Basset force and the body force [1, 3, 4] acting on a small rigid sphere in a nonuniform flow at low Reynolds numbers as it moves, and gravity. Given initial conditions in position and velocity, the BBO equation can be integrated numerically to obtain the particle position in time.
It has been shown [1] that the Basset, Faxén and virtual mass force terms are small. It was found that the neglect of those terms, however, changed particle paths slightly, i.e. if all-forces are considered there are differences of about 0.4% in the particle net axial displacement (over 20 peristaltic cycles) when compared to the Stokes drag-gravity case. The dynamical system corresponding to particle motion is four-dimensional (in two velocities and two positions), nonlinear and non-autonomous. Since the response would be then very sensitive to both initial conditions and parameter values, it was decided to be on the safe side and keep all the terms in the equation, especially since it is not any more computationally expensive to do so.
This also means that the transient effect on the small forces were retained. However, this is not to be interpreted to imply that the transient effects are the cause of the particle dispersion studied; indeed the neglect of the small forces would have led to similar but quantitatively different results. The effect of gravity was disscused as well. When gravity acts in the positive X-direction as peristalsis does, particles tend to move symmetrically. The difference between light and heavy particles is that the former follow fluid flow paths closely and the latter start to deviate from it. If gravity acts in the Y -direction particle paths are not symmetric and there is a decreased net X-displacement. Heavier particles can approach the wall. In this analysis gravity is considered in the positive X-direction.
Analysis of particle dispersion on peristaltic flow
This section will look at particle dispersion for different degrees of occlusion. In section 3.1, the pumping relations and the values of the parameters will be studied. Section 3.2 will present qualitative and quantitative results of the particle motion and the dispersion of a group of particles. In Section 3.3 particle dynamics will be studied using nonlinear dynamical tools as Poincaré sections and estimation of their fractal dimension.
Flow rates and pressure rises
The is complete occlusion, for which Q = . This is the volumetric flow rate that would be pumped if all the liquid inside the bolus were transported as a rigid body rightwards at speed c.
The effect of changing Re c can also be examined. Points (1), (3), (6) and (9) Trajectory analysis provides an insight into individual particle displacement, but does not give information on the spatial distribution of particles as a group. An initial position for each particle with zero initial velocity is prescribed and then their positions are tracked in time. Figs. 5-8 show the peristaltic transport of a group of particles corresponding to points (3), (6), (8) and (9) in Fig. 2 , respectively, showing the effect of φ.
The particles are initially distributed uniformly over a square. Gravity acts in the positive X-direction,
i.e. towards the right. The particle positions are indicated in the figures, as well as the peristaltic "wave bulge" in which they were originally present at t = 0. This bulge is shown lightly shaded in gray to show that the particle group and the bulge do not necessarily travel at the same rate. In the fixed frame, the nondimensional time period of a passing peristaltic wave is π, so that the different instants in time are shown as multiples of that. starting position after each cycle; any displacement which occurs is Stokes drift [5] . The peristalsis wave is much faster than the particles themselves. Note that by t = 7π in Fig. 5 (e), the group has moved roughly half a wavelength, while the peristaltic bulge in which they initially were is about 7 wavelengths downstream.
In Fig. 6 for φ = 0.6, the distortion of the group is very different. A hollow appears near the centerline, and particles near the wall leave a long wake. Hung and Brown [6, 7] carried experimental investigations in peristaltic flow in the moving and fixed frame. Experimentally visualized bubble path lines were used in the delineation of the size and location of the closed-loop orbits for trapped fluid. It was observed that the fluid within the bolus moves with a net advance velocity equal to the wave speed. These observations agree with the present findings.
It has been mentioned that, depending on φ, many particles get trapped within the original wave while others escape into a wake. The ratio of trapped particles can be quantified by using η tp = N tp /N , where N tp is the number of trapped particles, and N is the total number of particles. The evolution of η tp in time is shown in Fig. 9 for different φ. η tp is observed to initially descend with time but then levels off, after which almost all the particles within the bolus stay within it. Thus, η tp portrays the efficacy of the peristalsis in transporting particles by the amount of particles trapped within the original wave. As expected, it is higher for larger φ.
Figs. 5-8 only show the dispersion of particles pictorially. Details of the translation and mixing processes emerge from those diagrams but the description is essentially qualitative. Quantitative details can be obtained by studying the mean particle position X p and its variance σ 2 . If the N particles have a position
X p for a group of particles at different instants of time is plotted in Fig. 10 for different φ. It was calculated at discrete time intervals starting from t = 0 in increments of π/4. For φ ≤ 0.7, 841 particles with zero initial velocity that are initially evenly distributed within a square with opposite corners (−0.7, −0.7) and (0.7, 0.7) were used. For φ > 0.7, there were 729 particles within a square with corners (−0.65, −0.65) and (0.65, 0.65). One characteristic of the motion is the mean slope of X p vs. t that is the axial velocity of the particles as a group. Another is the harmonic oscillations that appear due to the back and forth axial movement of the group, oscillations that have amplitudes and frequencies. In order to quantify these, a fit of the form X p (t) = k 1 t + k 2 sin(k 3 t) is used, where k 1 is the slope, k 2 is the amplitude and k 3 is the frequency.
The k's are shown in Fig. 11 for different φ corresponding to (1)- (9) in Fig. 2 . k 1 represents the velocity of the group, and hence the efficacy of particle transport. For a low value of φ, k 1 is small, being a small fraction of the peristaltic velocity. If φ increases, the velocity of the group increases as well. For φ = 1, the group of particles is totally trapped within a peristaltic bulge due to total occlusion, and the group moves at the peristaltic velocity.
The amplitude of oscillation of the group, k 2 , has a maximum around φ ≈ 0.3.
The frequency of oscillation of the group, k 3 , varies monotonically with φ. It can be seen that k 3 → 2 as φ → 0. This frequency corresponds to a period of T = π which is that of the wall. The oscillations of the particles in Fig. 4(a) , for instance, are in step with the wall. For larger φ there is considerable spatial variation of the local frequency, and the average frequency of the group is thus seen to decrease as φ is increased.
The variance is obtained from
This is directly related to the axial dispersion of the particles in the group and indicates the effectiveness in keeping the group together as an entity; a low value indicates that the particles tend to be very close to their mean position, while high values indicate that particles are spread out. The variance at different instants of time is plotted in Fig. 12 . The curves (3), (6) , (8) and (9) correspond to Figs. 5-8, respectively. For small φ, e.g. curves (1)-(3) in Fig. 12(a) , small harmonic oscillations in group size occur around an almost unchanged mean size. As φ increases, the oscillation of the size of the group is maintained, but particle dispersion in the axial direction starts to occur indicated by a positive slope. The curves in Fig. 12(b) show that for large enough φ, the variance does not oscillate any more. σ 2 grows as t 2 for large φ; the main contribution to it comes from the particles in the wake left behind so that the size of the particle distribution grows as t.
Poincaré sections and their fractal dimension
The mean position and variance of the particle positions provide information about the average motion of a group of particles and their dispersion, but not what is happening within it. As shown in Figs. 7 and 8, trapped particles can recirculate within a traveling bolus. A Poincaré section can be used to study particle motions in this situation to provide insight and a visual display of the global dynamics. Using the moving frame, the velocity field does not depend on time but the particle position still does. Particles coordinates are x p (t j ), y p (t j ) for t j = j ∆t, where ∆t is a time step. Particle positions for a group of particles are integrated from t = 0 to t = 9π, and the positions are plotted in time steps of ∆t = π/4. These Poincaré sections are shown in Fig. 13 in the x, y plane for different amplitude ratios. It is important to mention that only particles trapped inside the original "peristaltic bulge" were considered for this analysis. A self-similar structure emerges from the Poincaré section.
Poincaré sections can be characterized using the fractal dimension as a quantitative measure. A fractal distribution of points shows invariance with respect to scale, so that the distribution looks the same at different scales. The definition of fractal dimension used here is derived from the correlation function C(r).
) represents a vector in the phase space of the particle path at time t j , then for a set of N p samples a ball of radius r is constructed, centered at each X i p , and the number of trajectory points within this ball counted. The correlation function [8] is then defined by
where
This function is useful in that if C(r) ≈ r D as r → 0, then D is the fractal or correlation dimension [8] . Thus
The log C(r) vs. log r curves are shown in Fig. 14 for different φ along with linear fits of the data. These straight lines suggest that there is a fractal structure to the Poincaré sections. The values of D, indicated in the figure, are related to the frequency with which the trajectory visits various regions of the attractor [9] .
D increases on increasing φ, this being related to the closer packing of the trapped particles and their accommodation within the bolus.
Discussion of results
Peristaltic pumps normally work with total occlusion of the tube with consequent danger of damage to the particles. It is possible, furthermore, that some get trapped and not be transported. For these situations, partial occlusion is an option, but it is important to understand how the particles disperse and what the efficacy of transport is. The qualitative and quantitative results in Section 3 are summarized below.
Occlusion can be used to promote dispersion of particles and aggregation in the form of a traveling bolus. Their mean axial position in time (in this case its center of mass) has been estimated as well as their oscillatory behavior as a group in which its rate of increase, amplitude and frequency was calculated. The ratio of trapped particles and its evolution in time have been quantified.
Motion of particles inside the bolus locates in a self-similar structure as shown in Poincaré sections, quantified by its fractal dimension. This dimension increases as the value of the flow rate increases.
Analytical solutions of fluid flow have some parameter restrictions i.e. low-Reynolds number and long wavelength. The displayed methodology can be extended to complete numerical analysis. It is possible to solve fluid equations numerically and after that employing a BBO equation to study particle motion (oneway coupling), although a small Stokes number will be required and particle-particle interactions are not considered.
Conclusions
An analysis of two-dimensional peristaltic flow of a solid-liquid mixture has been presented using the asymptotic solution of Navier-Stokes equations for the fluid and the BBO equations for the particles. This approach inherently assumes that each particle is small, acts independently of the others, and that the particle-fluid coupling is one-way. The results of the calculations demonstrate particle dispersion in peristaltic fluid flow.
The extent of dispersion depends on the amplitude ratio of the wave. Particle axial dispersion in peristaltic flow has been characterized using statistical measures. For a group of particles starting at rest, some form a bolus that moves with the peristalsis, while others escape into a wake. The efficacy of particle trapping increases with amplitude ratio. The trapped particles arrange themselves in a self-similar manner, and an increase in its fractal dimension with an increase of the amplitude ratio is observed. 
